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Abstract. We classify the connected pseudo-Riemannian manifolds of sig- 
nature (p, q) with q > 5 so that at each point of M the skew-symmetric 
curvature operator has constant rank 2 and constant Jordan normal form 
on the set of spacelike 2 planes and so that the skew-symmetric curvature 
operator is not nilpotent for at least one point of M. 



1. Introduction 

Let (M, g) be a smooth connected pseudo-Riemannian manifold of signature 
(p,q). Let V be the Levi-Civita connection on TM. The Riemann curvature 
operator and the associated curvature tensor are defined by: 

9 R(x,y) := \7 x X7 y - V V V X - V[ X) „] and 

9 R(x, y, z, w) := g( 9 R(x, y)z, w). 

We have the following symmetries 

9 R(x, y, z, w) — 9 R(z, w, x, y) — — 9 R(y, x, z, w), and 

9 R(x, y, z, w) + 9 R(y, z, x, w) + 9 R(z, x, y, w) = 0. 

Let V be a vector space with an inner product (•, •) of signature (p,q). We 
say that a 4 tensor R € ®^V* is an algebraic curvature tensor if it satisfies the 
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symmetries given above; the associated curvature operator is then defined by 
R{x, y, z, w) = [R{x, y)z, w). We say that (M, g) is a geometrical realization of an 
algebraic curvature tensor R at a point P of M if there exists an isometry from 
T P M to V so that 9 R(x,y,z,w) = R(Gx, Qy, Oz, Ow) for all x,y,z,w G T P M. 
Every algebraic curvature tensor has such a geometrical realization. Conversely, 
it is often useful to study problems in geometry by first passing to the purely 
algebraic setting and then drawing geometrical conclusions from results obtained 
algebraically. 

Let R be an algebraic curvature tensor on a vector space V of signature (p, q) . 
Let {ei,e2} be an oriented basis for a non-degenerate oriented 2 plane it c V. 
Let 

R(n) := |(e 1 ,e 1 )(e 2 ,e 2 ) - {e 1: e 2 ) 2 |- 1 / 2 i?(ei, e 2 ) 

be the associated skew- symmetric curvature operator, R(tt) depends on the ori- 
entation of 7r but is independent of the particular oriented basis chosen. In this 
paper, we will examine the geometric consequences which follow from assuming 
that the skew-symmetric curvature operator has certain algebraic properties. 

We say that a vector v S V is spacelike if (v,v) > 0, timelike if (v,v) < 0, and 
null if (v, v) = 0. We say that a 2 plane tt is spacelike if the induced metric on ir 
has signature (0,2), timelike if the induced metric has signature (2,0), and mixed 
if the induced metric has signature (1, 1). Otherwise ir is said to be degenerate. 

The simplest invariant of a linear map is the rank. We say that an algebraic 
curvature tensor R has spacelike rank r if rank(i?,(7r)) = r for every oriented 
spacelike 2 plane ir. The notions of timelike and mixed rank r are defined similarly. 
If rank(i?(7r)) is not constant on the set of oriented spacelike 2 planes, then we 
say R does not have constant spacelike rank. In §||, we shall construct algebraic 
curvature tensors which have spacelike rank 2 but which do not have constant 
timelike or constant mixed rank. 

The following result of Gilkey, Leahy and Sadofsky [|| and of Zhang |)) uses 
results from Adams and Borel [Q] to bound the rank: 

Theorem 1.1. Let R be an algebraic curvature tensor on a vector space V of 
signature (p, q) which has spacelike rank r. 

1. Let p — 0. Let q > 5 and q ^ 7, 8. Then r < 2. 

2. Let p = 1. Let q = 5 or q > 9. Then r < 2. 

3. Let p = 2. Let q > 10. Then r < 4. Furthermore, if neither q nor q + 2 are 
powers of 2, then r < 2. 
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Let V be a vector space of signature (p, q) and let <j> be a self-adjoint linear 
map of V. We define a 4 tensor and associated endomorphism: 

R$(x, y, z, w) := (cf>y, z)(4>x, w) - (4>x, z){(j>y, to) and 
R<t,(x, y)z := (<fyy, z)<j>x - (cf>x, z)<jyy. 

The tensor R^ is an algebraic curvature tensor and the set of tensors arising in 
this fashion spans the space of all algebraic curvature tensors B. Such tensors 



arise as the curvature tensors of hypersurfaces in flat space - see Lemma 3.1. 

These tensors play a crucial role in the classification of the algebraic curvature 
tensors of rank 2. We refer to [|| || for the proof of the following result: 

Theorem 1.2. Let R be an algebraic curvature tensor on a vector space V of 
signature (p, q) where q > 5. Then R has spacelike rank 2 if and only if R = ±R$ 
where (j) is a self-adjoint map of V whose kernel contains no spacelike vectors. 

The spectrum (i.e. the eigenvalues counted with multiplicity) is also a useful 
invariant of a linear map. We say that an algebraic curvature tensor is spacelike 
IP if the eigenvalues of R(ir) are the same for any two oriented spacelike 2 planes; 
the notions of timelike and mixed IP are defined similarly. (The notation 'IP' is 
chosen as the fundamental classification results in dimension 4 are due to Ivanov 
and Petrova (?|] - see also related work in || ) . One can use analytic continuation 
to see that the notions of spacelike, timelike, and mixed IP coincide so we shall 
simply say that R is IP if any of these three equivalent conditions holds. Two 
linear maps T and T of V are said to be Jordan equivalent if any of the following 
three equivalent conditions are satisfied: 

1. There exist bases B = {ei, —,e m } and B = {ei,...,e m } for V so that the 
matrix representation of T with respect to the basis B is equal to the matrix 
representation of T with respect to the basis B. 

2. There exists an isomorphism of V so T = QTQ^ 1 , i.e. T and T are 
conjugate. 

3. The real Jordan normal forms of T and T are equal. 

In the positive definite setting, the spectrum of a skew-symmetric linear map 
determines the conjugacy class of the map. This is not, however, the case in the 
indefinite setting. We say that R is spacelike Jordan IP if the Jordan normal form 
of R(-) is the same for any two oriented spacelike 2 planes; the notions of timelike 
and mixed Jordan IP are defined similarly. We note that if R is spacelike Jordan 
IP, then R has spacelike rank r for some r. 
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The Jordan form of a linear map determines the spectrum. Thus if R is space- 
like Jordan IP, then R is spacelike IP and hence IP. In we construct algebraic 
curvature tensors which are IP but which are not spacelike, timelike, or mixed 
Jordan IP. We will also construct algebraic curvature tensors which are spacelike 
Jordan IP but not timelike or mixed Jordan IP; thus these notions are distinct. 

Let 4> be a linear map of a vector space V of signature (p, q) . If (<pv , ipw) = (v,w) 
for all v,w S V, then 4> is an isometry. If ((j)v,(f)w) — — (v,w) for all v,w S V, 
then 4> is a para-isometry; para-isometries exist if and only if p = q, i.e. if we are 
in the balanced setting. Suppose that (f> is self-adjoint. Then <f> is an isometry if 
and only if <fi 2 — id ; <p is a para-isometry if and only if 4> 2 = — id . 

We say that R is spacelike rank 2 Jordan IP if R has spacelike rank 2 and if R 
is spacelike Jordan IP, the notions of timelike rank 2 Jordan IP and mixed rank 
2 Jordan IP are defined similarly. We have the following classification result for 
such tensors Q: 

Theorem 1.3. Let R be an algebraic curvature tensor on a vector space of sig- 
nature (p, (?) where q > 5. Then R is a spacelike rank 2 Jordan IP algebraic 
curvature tensor if and only if exactly one of the following three conditions is 
satisfied: 

1. R = CRrj) where <f) is a self-adjoint isometry, and where C =/= Q. 

2. R = CRff, where (f> is a self-adjoint para-isometry, and where C =/= 0. 

3. R = ±R(j, where <f> is self-adjoint, where (f> 2 — 0, and where ker</> contains 
no spacelike vectors. 



Remark 1.4. The map cf> in Theorem 1.3 is uniquely defined up to sign; the 



constant C in assertions (1) and (2) is uniquely determined. The tensors CR^ in 
assertions (1) and (2) where (f> 2 = ±id are also timelike and mixed rank 2 Jordan 
IP. The tensor in assertion (3) is nilpotent; if </> 2 = 0, then R,p(x,y) 2 = for all 
(x,y). This tensor is timelike rank 2 Jordan IP if and only if ker<^> contains no 
timelike vectors; it is not constant mixed rank. 

We say that a pseudo-Riemannian manifold (M, g) is spacelike rank r Jordan IP 
if 9 R is spacelike rank r Jordan IP at every point of M; the Jordan form is allowed 
to vary with the point but the rank is assumed to be constant. The notions of 
timelike rank r Jordan IP and mixed rank r Jordan IP are defined similarly. In 
y3, we will construct two families of spacelike, timelike, and mixed rank 2 Jordan 



IP pseudo-Riemannian manifolds. Lemma 3.2 deals with the pseudo-spheres and 



Lemma 3.3 deals with warped products of a manifold with constant sectional 



curvature with an interval / C 
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The following is the main result of this paper; it generalizes previously known 
results |], [5| from the Riemannian to the pseudo-Riemannian setting. 

Theorem 1.5. Let (M,g) be a connected spacelike rank 2 Jordan IP pseudo- 
Riemannian manifold of signature (p,q) where q > 5. Assume that 9 R is not 
nilpotent for at least one point P of M . 

1. For each point P £ M, we have 9 Rp — C{P)R^p) where (f>(P) is self- 
adjoint map ofTpM so that 4>(P) 2 — id; 9 Rp is never nilpotent. 

2. If (p = ±id , then (M,g) has constant sectional curvature and is locally 
isometric to one of the manifolds constructed in Lemma [3.2] . 

3. If <t> 7^ ±id , then (M, g) is locally isometric to one of the warped product 
manifolds constructed in Lemma p.3|. 



We shall prove Theorem 1.5 in §[![ The classification of spacelike rank 2 Jordan 



IP pseudo-Riemannian manifolds with nilpotent algebraic curvature tensors is 
incomplete and in §|E], we present some preliminary results on this case. 

2. Examples of algebraic curvature tensors 
We begin this section with a technical observation. 

Lemma 2.1. Let V be a vector space with an inner product of signature (p,q). 
Let {t>i,...,i>fc} be a set of linearly independent elements of V . Then there exist 
elements {wi, ...,Wk} ofV so that (vi,Wj) = Sij. 

Proof: We use the inner product to define a linear map ip : V — > V* by the 
identity tp(w)(v) — (v,w). If w ^ 0, then there exists v so (w, v) ^ and thus 
ip is injective. Since dim^ = dim V* , tp is a linear isomorphism. Let {i>i, ...,Vk} 
be a set of linearly independent elements of V. We extend this set to a basis 
{v%, ...,v p +g} for V to assume without loss of generality that k = p + q. Let 
{v 1 , v p+q } be the associated dual basis for V*; this means if v S V, then 
v = v l (v)vi. The desired elements uij of V are then defined by Wj = ip (v J ) 
since v l (vj) — Sij. □ 

Let V be a vector space of signature (p,q). We can choose a normalized or- 
thonormal basis B for V of the form: 

B := {ef , ...,e~,el, ...,e+} so 

(1) V~ := span {e^ , e p } and 

(2) V+ :=span{e+ ...,e+} 
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are maximal orthogonal timelike and spacelike subspaces. Let R = where 



is a self-adjoint linear map. Let tt be a non-degenerate 2 plane. By Lemma 2.1: 

rank(i?0(7r)) = 2 if ker</>n-7r = {0} and 

rank (#0(71-)) = if kcr n tt ^ {0}. 

We use this observation to show that the notions of constant spacelike, timelike, 
and mixed rank are distinct notions. 

Lemma 2.2. Let V have signature (p, q) where p > 2 and q > 2. 

1. There exists an algebraic curvature tensor R on V which has spacelike rank 
2 but which does not have constant timelike or mixed rank. 

2. There exists an algebraic curvature tensor R on V which has timelike rank 
2 but which does not have constant spacelike or mixed rank. 

3. There exists an algebraic curvature tensor R on V which has spacelike and 
timelike rank 2 but which does not have constant mixed rank. 

Proof: Let B be a normalized basis for V. Let (j> be orthogonal projection on 

0(0=0 and <t>(et) = e+. 
As ker0 = V~ is timelike, ker0 contains no spacelike vectors and ranki?0(7r) = 2 
for any spacelike 2 plane. Thus R has spacelike rank 2. We define: 

7Ti := span {2e^ + e\ , 2e^ + }, ni := span {ej~, e^}, 
7T2 := span{2e|f 4- e£, e^}, 7T2 := span{e^~, e^}. 

The planes tti and 7Ti are timelike and the planes 7T2 and 712 are mixed. We show 
that R does not have constant timelike or mixed rank by noting: 

ker (f> f~l ni j£ {0} and ker n 7% = {0} for i = 1, 2. 

Assertion (1) now follows; we interchange the roles of + and — to prove assertion 
(2) similarly. 

To prove assertion (3), we define a self-adjoint linear map <f> of V by setting: 

<M e r) = e i + e i> <KO = e 7 for i > 1 

</>(e+) = -e{ - e+, 0(e+) = e+ for j > 1. 

Then ker</> = span{e^ + e^}. Since ker0 is totally isotropic, ker</> contains no 
spacelike vectors and no timelike vectors so has constant spacelike and timelike 
rank 2. We define mixed 2 planes 

7Ti := span{ej~,e^} and 7T2 := spanje^, e^"}. 
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Since ker</> n 7Ti ^ {0} and ker</> 772 = {0}, i?^ does not have constant mixed 
rank. Assertion (3) now follows. □ 

Let R be an algebraic curvature tensor of constant spacelike rank r on a vector 
space of signature (p,q). In Theorem 1.1, we noted that r = 2 in many cases if 
p = 0, p = 1, or p = 2. There are, however, examples where r = 4 if p > g. 

Lemma 2.3. Let V be a vector space of signature (p, q) where p > q > 2. 

1. If p = q, then there exists an algebraic curvature tensor R on V which has 
constant spacelike and timelike rank 4, and which does not have constant 
mixed rank. 

2. If p > q. then there exists an algebraic curvature tensor R on V which 
has constant spacelike rank 4, and which does not have constant timelike or 
mixed rank 4. 

Proof: Let B be a normalized basis for V. We suppose that p > q and define a 
linear self-adjoint map <f> of V by setting: 

H e 7) = ~ e t for 1 < i < ?> 

4>(e~) = for g < i < p, and 

0(e+) = ej for 1 < j < g. 
Expand any vector v £ V in the form i> = Ej c i e i~ + Ylj dje^ . Then 
(V, v) = -E t cf + Ej 4 ^d (^, W ) = E,< 9 c| - E, d]. 
Thus if u is spacelike, <pv is timelike. Furthermore, if p = q, then <p is a para- 
isometry. Let i? := i?i<a + Rep- Then 

R(x, y)z = (y, z)x - (x, z)y + [<fyy, z)<j>x - [<jxc, z)<jyy. 

If {x, y} spans a spacelike 2 plane 77, then {<j)x, 4>y} spans a timelike 2 plane 4>ir. 
Thus {x, y, (fix, 4>y} is a linearly independent set and we may use Lemma 2.1 to see 



that R has spacelike rank 4. lip = q, then the roles of + and — are symmetric so 
R also has timelike rank 4. If p > q, then ker<^> contains a timelike vector and the 
same argument used to prove Lemma 2.2 shows R does not have constant timclikc 
rank. Let 7Ti := spanje^je^} and 772 := span{ej~,e^"} be mixed 2 planes. We 
show that R does not have mixed rank 4 by noting that: 

rank i?^ (771) < 2 and rank R$ (772) = 4. □ 

We omit the proof of the following result as the proof is straightforward. 

Lemma 2.4. Let V be a vector space of signature (p,q). 
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1. If T is a linear map ofV with T 2 = 0, is the only eigenvalue ofT. 

2. If T\ and T 2 are linear maps of V with T- 2 = T- 2 = 0, then T\ is Jordan 
equivalent to T 2 if and only if rank (T\) = rank(T 2 )- 



We use Lemma |2.4| to show that the concepts IP, spacelike Jordan IP, and 
timclikc Jordan IP are inequivalcnt. 

Lemma 2.5. Let V have signature (p, q) where p > 3 and q > 3. 

1 . There exists an algebraic curvature tensor RonV which is IP, not spacelike 
Jordan IP, not timelike Jordan IP, and not mixed Jordan IP. 

2. If p = q, then there exists an algebraic curvature tensor R on V which is 
spacelike Jordan IP, timelike Jordan IP, and not mixed Jordan IP. 

3. If p > q, then there exists an algebraic curvature tensor R on V which is 
spacelike Jordan IP, not timelike Jordan IP, and not mixed Jordan IP. 

Proof: Let B be a normalized basis for V. For k < q, we define: 

<Me~) = e~ + e+ for i < k, ^fc(er) = for % > k, 

0fc( e i") = ~ e i ~ e t- for i ^ <t>k{et) = for i > /c. 

Then (f>k is self-adjoint and range (f>k is totally isotropic, i.e. the metric is trivial 
on range 0fc. Since ((f>kU, <fikv) = for all u, v € V, we have R$ k {x, y) 2 = for any 
x, y 6 V. Since R<p k (ir) is nilpotent, we apply Lemma 2.4 to see that is the only 
eigenvalue of R^, k and hence R is IP. We set k — 2 to prove assertion (1). Let 

7Ti := span {ej - , e^}, 712 := span {e^~, }, := spanje^jej}, 
7Ti := span {e^, e^}, %2 '■— span {e^~, ej}, 7T3 := span{e^,e^"}. 

We have {7ri,7Ti} are timelike, {7^2,^2} are spacelike, and {^3, 713} are mixed 2 
planes. For 1 < i < 3, we apply Lemma |2.l| to prove assertion (1) by observing: 

7T; n ker0 2 = {0} so ranki?^ 2 (71-;) = 2 
iTi n ker0 2 7^ {0} so ranki?^ 2 {^i) < 2. 

Suppose p > q. We set fc = q to prove assertions (2) and (3). Since ker 4> q 
contains no spacelike vectors, ranki?^ ? (7r) = 2 for any spacelike 2 plane so by 
Lemma 2.4, R t j >q is spacelike Jordan IP. Since ker0 9 contains no timelike vectors 
if and only if p = q, R<p q is timelike Jordan IP if and only if p = q. We study 
7Ti := span {ej - , } and W2 := span{e^,e^} to see R$ is never mixed Jordan 
IP. □ 
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3. IP Manifolds 

Let V be a vector space of signature (r, s), let M be a simply connected smooth 
manifold of dimension m = r + s — 1, and let F : M — > R( r ' s ) be an immersion of 
M. We assume the induced metric g on M is non-degenerate; (M, g) is said to be 
a non- degenerate hypersurface. Let c be a unit normal along M. If (y, v) = +1, 
then (M,g) has signature (r, s — 1). If (z/, i/) = — 1, then (M,g) has signature 
(r — 1, s). We define the second fundamental form L and shape operator S by: 

L(x,y) := {xyF,v) and {Sx,y) := L(x,y). 

The following is well known so we omit the proof in the interests of brevity. 

Lemma 3.1. Let V be a vector space of signature (r,s), let (M,g) be a non- 
degenerate hypersurface in V , let v be a unit normal along M, and let S be the 
associated shape operator. Then 9 R = [v, v)Rs- 

We say that a pseudo-Ricmannian manifold (M, g) has constant sectional cur- 
vature k if 9 R = kRm . Let V be a vector space of signature (r, s). For g > 0, 
let S ± (r, s;g) be the pseudo-spheres of spacclike and timclikc vectors of length 

S ± (r,s;g) := {v E V :(«,«) = ±^ 2 }. 
The following result is well known so we omit the proof in the interests of brevity. 

Lemma 3.2. Let g > 0. Then S l± (r, s: g) has constant sectional curvature ±g 
and is a rank 2 spacelike, timelike, and mixed Jordan IP pseudo-Riemannian 
manifold. Any pseudo-Riemannian manifold of constant sectional curvature is 
either flat or is locally isometric to one of these manifolds. 

It is also possible to construct examples of rank 2 spacelike Jordan IP pseudo- 
Ricmannian manifolds by taking twisted products. We introduce the following 
notational conventions. Let g > 0, let e = ±1, and let S = ±1 be given. Let 

M := I x S s (r, s; g), f{t) := ent 2 + At + B, 

ds 2 M := edt 2 + f{t)d% {r s . e) , C(t) := f~ 2 {f K - \ef 2 }, 

4> := -id on TS S (r, s; g), cp(d t ) := d t . 

Choose {k, A, B} so /k— \ef 2 ^ or equivalently so that A 2 — AenB ^ 0. Choose 
the interval J so fit) ^ on /. 

Lemma 3.3. We have that (M, g^) is a rank 2 spacelike, timelike, and mixed 
Jordan IP pseudo-Riemannian manifold with 9 R = CR^. 
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Proof: Let m = r + s. Fix P e S := S s (r 7 s;g). Choose local coordinates 
x = (xi, ...,x m -i) for S which are centered at P. We let x = t to define local 
coordinates (x , x m -i) on M. We let indices a, b, c, and d range from 1 to 
m — 1 and index the local coordinate frame for S. We let indices i, j, k, and I 
range from to m - 1 and index the full local coordinate frame for M. Let gij 
and gab denote the components of the metric tensors on M and S relative to this 
local coordinate frame. We normalize the coordinates on S so that d a gb c (P) = 0. 
We have g ab = fg ab , g 0a = 0, and g o = e. Let f t := d t f and f tt = d}j '. Let T 
and r be the Christoffel symbols: 

r^fe = \{d 3 gik + digjk — dtgij}, T abc = \{dbg ac + d a gbc — d c g ab }, 

Toafc = L a Q5 = \ftg a b, r a fto = ~^ftgab, ^ abc = f^abc, 

Toa 6 = T a o b = 5/ 1 ftg a b , Tab = —\^ft9abi ^ ab° = f a fc C ; 

the Christoffel symbols where appears twice or three times vanish. Thus: 

Rijk — &i^jk &j^ik ~\~ ^2n ^in ^jk ^ 3 n ^ik ; 

-Rabc^ = {d a ^bc d — dbt ac d } + F a o d Fb c ° — F ho d r ac 

= R ab c d - \ej}r x {g a d ~gbc - g ac g b d } mod 0(\x\), 

Rabcd = (/« - j£f?){gadgbc - gac9bd} 

= r 2 {fK - ie/ t 2 ) {^adffbc - .g ac .gfcd} mod 0(\x\). 

Since S is a symmetric space, there is an isometry of S fixing P which acts as 
— 1 on TpS. This extends to an isometry of S. Thus Ro a bc = for any a, b, and 
c. Let a 7^ b. The isotropy group of isometries of S fixing P acts on TpM as 
0(p, q). Thus we can find an isometry of S which sends e a — > e a and e& — ► — e b . 
This implies i?ooho = 0. We compute the remaining curvature: 

Roaa* = dQT aa —T a b°TQ a h = —jEfttg a a + j£f 1 It9ab9a 
RoaaO = f 2 £{ — \f ftt + J.ft}{9a a g00 ~ 50aSao}- 

We wish to find C(t) and <p so that sr = CR^. If 

(fn-\eff)=e{-\ff tt + \m, 

then we may take <f> = id ; the resulting metric then has constant sectional curva- 
ture. Since this does not give rise to a new family of metrics, we define instead: 

4>{d t ) = d t , and <f>(d a ) = -d a . 

To ensure that R — CR$, we solve the equation: 

(/«- \eft) = -e{-lf.f tt + ±/ t 2 } i.e. « = | e /„. 
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This implies that the warping function is quadratic so f(t) = ent 2 + At + B. □ 



4. The proof of Theorem 1 



Throughout this section, we will let (M, g) be a connected pseudo-Riemannian 
manifold of signature (p, q) with q > 5 and dimension m : = p + q which is rank 2 



spacelike Jordan IP. We use Theorem 1.3 to express 9 Rp = C(P)Rmp) where 



is self-adjoint and C ^ 0. We suppose for the moment that 9 R is never nilpotent 
so that we can normalize (f> so (f> 2 = ±id . The maps P — > C(P) and P — > <j>{P) 
can then be chosen to be smooth, at least locally. To have a unified notation, we 
complexify the tangent bundle and extend 4>, (•, •), and the curvature tensor 9 R 
to be complex multi-linear. Let: 

- r <(> if 2 = id, 

9 ■ \ if ^ 2 = -id . 

Since <fi 2 = id, the eigenvalues of </> are ±1 and is diagonalizable. Let 

T± : = {X € TM <g) C : = ±X} and i/ ± := dim J' ± . 
If v~ =0 or = 0, then <fi = <fi = ±id and (M, g) has constant sectional 



curvature and assertion (2) of Theorem L5 holds. Thus, we suppose v > 1 and 



v+ > 1. Let u ± S J r± . As (tt+,« _ ) = ((j)u + ,u~) = (u+,<f>u-) = -{u + ,v,-), T~ 
and J- + are non-degenerate orthogonal complex distributions. As we are working 
over C, we can find a local orthormal frame B := {ex, e m } for TM ® C so 

T~ = span{ei, e„-}, .F + = span{e„- +1 , e m }, and (e,, e,-) = <Sy. 

Let Roman indices a, 6, etc. range from 1 to v~ and index the frame for T~ , let 
Greek indices a, /3, etc. range from v~~ + 1 to m and index the frame for T + , and 
let Roman indices i, j, etc. range from 1 to m and index the frame for TM ® C. 
Let 4>ij-k be the components of V</> relative to such a normalized basis. 

Lemma 4.1. Let (M,g) be a connected pseudo-Riemannian manifold of signa- 
ture (p,q) with q > 5 so that 9 Rp = C{P)R^p) where <j)(P) 2 — ±id and 
C(P) 7^ 0. Assume that u + > 1 and v~ > 1. 



1. We have <pij. k = 3 - i;kj o (, ;fc = 0, </> Q/3; fc = 0, and OQ;i = -2r 

2. If i, j, and k are distinct indices, then <pij-k = 4>ik;j- 

3. The only non-zero components of are <j) aa ;a — 4>aa 

4*aa\a — 0aa;a — 2L Qaa . 



/ a a- 
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Proof: We adapt arguments from J5[ to prove this result. As the frame is 
orthonormal, Tkij = —^kji- Let e, := {4>ei,ei) = ±1; e a = —1 and e Q = +1. We 
prove assertion (1) by computing: 

4>iy,k = (V efe 0ej - <t>V ek e 1 ,e j ) — (V ek (f>ei,ej) - (V ek ei, fej) 

= (£i — £j)(V e k Si, Bj) = [Ei — £j)Y]~ij. 

Let 9 Rijki-. n be the components of V s i?,. With our normalizations, we can express: 

9 Rijki = sC{(f>u<f>jk - ci>ik<f>ji} where 4> 2 = rid and, 
g 



Rijkl;n = sC((pu- n (j)jk + 4>il4>jh;n — 4>ik-n4>jl ~ 4>ik4>jl;n) 
+ C: n (4>u<t>jk - 4>ik<t>jl)- 

We use the second Bianchi identity: 

= 9 Rijkl:n + 9 Rijln;k + 9 Rijnk;l- 

Fix distinct indices i, j, and k. As g > 5, we may choose an index I which is 
distinct from i, j, and k. We have ^ = for i ^ j. Since C ^ 0, we may prove 
assertion (2) by computing: 

= 9 Rillj;k + 9 Rll]k:l + 9 Rllkl;j = eCe^iy.u + - eC e tfak-j . 

If i, j, and k are distinct, then (j>ij-k = 0ifc;j = <fijk;i- Since at least two of the 
indices must index elements of T~ or J 7+ , (j>ij-k = by assertion (1). Thus k) 
is a permutation of (a, a, a) or (a, a, a). Assertion (3) follows as 

4>aa-a = <f>aa;a = and aQ;i = Qa;i . □ 

We continue our study of V</>. 

Lemma 4.2. Let (M,g) be a connected pseudo-Riemannian manifold of signa- 
ture (jp, q) with q > 5 so that 9 Rp = C(P)Rmp^ where <j>{P) 2 = ±id and 
C{P) 7^ 0. Assume that v + > 1 and v~~ > 1. 

1- If u > 2, t/ien C- a — C4> aa ;a and T aaa — ~\-^-- 

2- Ifv~ > 3, i/ien C ;a = 0, C- a = -2C0 QQ;a , and T aaa = -ff-. 

3- Ifv + > 2, then C- a = -C(f> aa - a and T aaa = 



2 c 

4. > 3, then C :a = 0, C ;a = +2C0 aa;Q , 7 and T aaa — '— 



c 



Proof: If v > 2, then we may choose a ^ b and use Lemma 4.1 and the second 
Bianchi identity to prove assertion (1) by computing: 

= 9 R a —eC-b + eC4> a b\a + 0. 



ALGEBRAIC CURVATURE TENSORS 



13 



If v > 3, then we may choose distinct indices a, 6, and c and use Lemma 4.1 
and the second Bianchi identity to compute 

= 9 Rcbbc:a + 9 Rcbca,b + 9 Rcbab;c = sC \ a + + and 

= 9 Rcbbc;a + 9 Rcbca;b + 9 Rcbab;c = sC-.a + eC(/)ba;b + £C(j) ca ; C . 

Thus C- a = and C ;Q = -C(4>ba-.b + 4>ca-.c)- Similarly C- a = -C(4> aa - a + 4> C a-c)- 
Thus 4>ba-,b = 4>aa-,a = <$>ca.;c an d assertion (2) follows. 

We use the same argument to prove assertions (3) and (4) with appropriate 
changes of sign. If v + > 2, then we may choose a ^ (3 to compute: 

= 9 Raaaa;f3 + 9 Raaaf3;a + 9 Raaf3a;a = ~ sC-fi — sC(f) a p- a + 0. 

If v + > 3, then we may choose distinct indices a, 0, and 7 to compute 

= 9 R~jf3f}(3~{;a + 9 Rj0ja;P + 9 Rjf3af3;f = £C;a +0 + and 

= 9 R 1 pp 1 -a + 9 Rf/3fa;f3 + 9 Rj(}af3-j = £C;a " ^C(j)p a .p — eC<j> la - nc . □ 

We can now show that tp 2 = id if C + 1 0. 

Lemma 4.3. Let (M,g) be a connected pseudo-Riemannian manifold of signa- 
ture (p,q) with q > 5 so that 9 Rp = C(P)R^p) where 4>{P) 2 = ±id and 
C(P) + 1 0. Assume that i> + > 1 and v~ > 1. 

1. We do not have V</> = 0. Furthermore either v~ < 2 or v + < 2. 

2. We have <f> 2 — id . Furthermore either v~ = 1 or = 1. 



Proof: Assume that V0 = 0. We use Lemma 4.1 to see that Ti aa — —\<j)aa V i = 0. 
Thus Ve a e T~ so 9 R(e a ,e a )e a S This shows: 

= ff R{e a , e a , e a , e a ) = eC. 

This shows that C = which is false. Thus V</> ^ 0. Next suppose that v~ > 3 
and > 3. We may then apply Lemma 4.2 to see that dC = and V0 = 
which is false. This establishes assertion (1). 

Suppose that 4> 2 = —id. Then (</w, </w) — {4> 2 v,v) — —(v,v) so cj> interchanges 
the roles of spacelike and timelike vectors. Thus p = q > 5. Since <f) = y — 1(f), </> 
is purely imaginary. Thus conjugation interchanges the distributions T + and T~ 
so v + = v~ = q > 5. This contradicts assertion (1). Consequently <j) 2 = id . 

By replacing (j> by —<j), we may assume v~ < v + . To establish the final asser- 
tion, we must rule out the case v~ = 2. We may then use assertions (1), (3), and 
(4) of Lemma [4.2| to see dC — = which contradicts assertion (1). □ 



Assertion (1) of Theorem LE follows from Lemma 4J3 and from: 
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Lemma 4.4. Let [M, g) be a connected pseudo-Riemannian manifold of signa- 
ture (p,q) for q > 5. Assume that [M,g) is rank 2 spacelike Jordan IP. Then 
either 9 R is nilpotent for all points of M or 9 R is nilpotent at no point of M . 

Proof: Let 5*1 be the set of all points of M where 9 R is nilpotent and let 5*2 
be the complementary subset of all points of M where 9 R is not nilpotent. We 
assume that both Si and 52 are non-empty and argue for a contradiction. Since 

51 is closed, since 52 is open, and since M is connected, we may conclude that 

52 is not closed. Thus we may choose points Pi € 52 so that Pi — > Poo £ Si. Let 
R n be the curvature tensor at P n and let V n be the tangent space at P n . 

Let B := , f~ , /+} be a normalized local orthonormal frame for 

the tangent bundle near Poo and let be the associated maximal spacelike and 
timelike distributions. We set :— V ± (P n ). Since P„ G 52, we can express 
Rn = C n R < p n . Since Tr{P„(7r) 2 } = — for any spacelike 2 plane tt, we have 
C n — ► since i?oo is nilpotent. 



We apply Lemma 4.3 to see <p n = id and thus we do not need to complexify 



to define the sub-bundles of V n . By replacing (f> n by — <p n if necessary, we 



may apply Lemma 4.3 to see dim T~ < 1. Consequently dim J- + > p + q — 1 so 
dim J 74 " n > q — 1 > 4. Choose elements v n ,w n S V,+ n .F+ so that {u„, mi„} 
forms an orthonormal spacelike set. We choose a compact neighborhood of 
over which S(V + ) is compact. By passing to a subsequence, we can suppose 
that v n — > foo and iw n — ► w^. Let 7r„ := span {w„, w n ). Then we have that 
7r„ — > 7TQO := spanjuoo, Woo}- The planes 7r„ and 7Too are spacelike. Let Zoo S Voo- 
Choose elements z„ G so z„ — » Zoo- As n w n = w„ and (f> n w n = iu n , we have: 

R{^oo)zoc = lim R n (v n ,w n )z n 

n — >oo 

= lim C n {((/)w n , z n )(f>v n -(<fn) n , z n )4>w n } 

n— »oo 

= lim C„{(w„,z„)w„ - (w„,z„)u)„} 

n— »oo 

= { lim C„} ■ {(woo, ZooJuqo - (^00,^00)^00} = 0. 

n — >oo 

This contradicts the assumption that P has spacelike rank 2. □ 

Since (f> 2 — id so the distributions J r± are real. By replacing cf) by — ^ if 
necessary, we may suppose that i/~ < ^ + and thus v~ < 1. If = 0, then 



(M,g) has constant sectional curvature and assertion (2) of Lemma 1.5 holds. We 
therefore suppose v~ = 1. The distributions J r± are non-degenerate. Let {ei} 
be a local orthonormal section to T~ and let {e2, e ln } be a local orthonormal 
frame for T + ; since we are working over R, we no longer impose the normalization 
that (e^, e^) = +1. By replacing g by — g, we may assume without loss of generality 



ALGEBRAIC CURVATURE TENSORS 



15 



that ei is spacelike. If a ^ 0, then we may apply Lemma 4.1 to compute: 
([e a > ep], ei) = r Ql ai — r^ Q i = r^i Q — r a i/3 

= -|(01a ;/ 3 - 01/3;q) = 0. 

Thus the foliation T + is integrable. Let ?/ = (y 1 , be local coordinates on 
a leaf of this foliation. We define geodesic tubular coordinates on M by setting: 

T(t,y) := exp y (tei(y)). 

Assertion (3) of Theorem [D] will follow from: 

Lemma 4.5. Let (M,g) be a connected pseudo-Riemannian manifold of signa- 
ture (p, q) for q > 5. Assume that 9 R = CR^ where (f> 2 — id and C^O. Assume 
that v~ = 1 and that T~ is spacelike. 

1. For fixedyo, the curves t — > T(t,yo) are unit speed geodesies in (M,g) which 
are perpendicular to the leaves of the foliation T + . 

2. For fixed to, the surfaces T(to,y) are leaves of the foliation T + and inherit 
metrics of constant sectional curvature. 

3. Locally ds 2 = dt 2 + fds K where f(t) is non-zero smooth function and ds 2 is 
a metric of constant sectional curvature k. 

4. The warping function f(t) = nt 2 + At + B where A 2 — 4kB ^ 0. 

Proof: We choose a local orthonormal frame {e,} for TM so e\ spans T~ and 
{e2, e m } spans T + . We set Ej := (ej,ej) = ±1; by assumption e\ — +1. We 
have dim(jF + ) = m — 1 > 3. Taking into account the fact that (e Q , e a ) = ±1, we 
may apply Lemmas 4.1 and 4.2 to see that 

C ; a = 0, r al p — — (e Q , ep)-jir, and Tn a — \-jf - = 0. 

Let 7(4, yo) be an integral curve for e\ starting at a point yo on the leaf of the 
foliation J- + . Since e\ is a unit vector, Tm = 0. As Y\\ a = 0, 7 is a geodesic. 
Thus 7(i, j/o) = r(t, ?/o) so <9 t = e i- We compute 

d t {d u dl) = {d u V 9t dl) = (d u V a yd t ) = ldl{d t ,d t ) = 0. 

This shows (dt, &£) =0 so the d% span the perpendicular distribution T + and the 
manifolds T(to, y) are leaves of the foliation T + . Since C- a = 0, C is constant on 
the leaves of T + . Let i? be the curvature of the induced metric on the leaves of 
the foliation T + . We show that R has constant sectional curvature by computing: 

R{('n : ('3 : ^75 ^er) — R(('n : ('3: ^7; ^er) ~t~ r^^r^^ r^jifjTQ-y 

= {C{t) + (%-) 2 }{(e3, e 7 )(e Q , e CT ) - (e Q , e 7 )(e /3 , e CT )}. 
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Let 8% = E 7 a a7 e 7 . We show that the metric is a warped product by computing: 

(Vg t 9g,9|) = (V d vd t ,d%) = E 7CT a Q7 a /3(T (V eT 9 t ,e (T ) 

^ ( \ C; l 

9t<7a/3 = (V at ^,a|) + (^,V 9t S|) = 2§i^- 

The argument used to prove Lemma |3.3| now shows the warping function is qua- 
dratic. □ 

5. NlLPOTENT SPACELIKE JORDAN IP PSEUDO-RlEMANNIAN MANIFOLDS 

The rank 2 spacelike Jordan IP pseudo-Riemannian manifolds whose curvature 
operators are not nilpotent for at least one point of M are classified in Theorem 



1.5. In this section, we study the remaining case and present some preliminary 



results. We focus our attention on the balanced setting p = q. 

Lemma 5.1. Let {M,g) be a connected pseudoRiemannian manifold of signature 
(p,p) for p > 5. Assume that {M,g) is spacelike rank 2 nilpotent Jordan IP. 

1. We have 9 R = ±R<f, where <j) is self-adjoint and where ker</> = range 0. 

2. ranged is an integrable distribution of the tangent bundle of M . 



Proof: We apply Theorem 1.3 to write R — ±i?^ where we normalize <ft by 
requiring that C = ±1. The map P — > <j) can then be chosen to vary smoothly 
with P, at least locally. Since (j> contains no spacelike vectors, dim{ker(</>)} < p. 
Since <f> is self-adjoint and <fi 2 = 0, we show range (cj>) = ker(0) and complete the 
proof of the first assertion by computing: 

range (</>) C ker(</>), 

dim{ range (</>)} < dim{ker(</>)}, and 

2p = dimjrange (</>)} + dim{ker(</>)} < 2dim{ker(0)} < 2p. 

Let K. :— range </> and let S be a maximal local spacelike distribution. Since AC 
is totally isotropic, JC n S = {0}. Thus JC = range <j> — 4>S and TM — S 4>S. 
Let !/(-, •) := (0-, •) be the associated bilinear form. We have: 

(<ps, 4>s) = (s, 4> 2 s) = 0. 

Thus if 7^ s G S, then there must exist s G S so that (<j)s, s) ^ 0. Thus L is a 
non-degenerate bilinear form. We complexify and choose a frame {s a } for S so: 

{4>e a , e b ) = 5 ab . 
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Let Roman indices a, b, etc. range from 1 to p and index this frame for S. Let 
Greek indices a, (3, etc. range fromp+1 to 2p and index the frame e a := <p{e a - p ) 
for K,. Let Roman indices i, j, etc. range from 1 to 2p and index the frame 
{ei, e p , 4>ei, 4>e p }. We have cf> ab = S ab , a/3 = 0, and <j) a p = 0. Let a, (3, and 
i be indices which need not be distinct. Choose a^i and use the second Bianchi 
identity to compute: 

Rijkl-n — (t>il;n4>jk + <j>il4>jk;n — 4>ik;n4>jl — <t>ik(t>jl;n, 

= Raapayi + Raai/3-a + Raaai-p = 4>al3-i + — </>m ; /3, and 

4>ai-,f3 = § a p-i = (V Cl 0(0e a ), 4>e b ) - (0V e> 0e a , 0e b ) = 0. 

We clear the previous notation. Let a = a+p, P ~ b+p, and 7 = c + p be indices 
which are not necessarily distinct. We show that JC is an integrable distribution 
by showing that: 

([e Q , ep], e 7 ) = (V eQ 0e b , 0e c ) - (V ej3 0e a , 0e c ) 
= (( v e„0- 0V eQ )e6, 0e c ) - ((V ej3 0- 0V ecv )e a ,^e c ) 
= ^ 7;Q -Kr-fi = so [e , e/s ] e C°°(/C x ) = C°°(/C). □ 
We now construct a nilpotent rank 2 Jordan IP pseudo-Riemannian manifold. 

Lemma 5.2. Lei {ei, e p , e±, e p } be a basis for a vector space V and let 
{x , X p , x , x p } be the corresponding dual basis for V* . Define an inner 
product of signature (p,p) on V by (ei,ij) = Sij and (e,-, ej) = (Si,ej) — for 
all i,j. Give W := V ® K the direct sum inner product which has signature 
(p,p + 1). Let f(x\,...,Xp) be a real valued function so that df(0) = and so 
that det(SfSf/)(0) ^ 0. The embedding F := id ® / of V into W defines a 
hypersurface (M, g) of W so that [M, g) is a spacelike and timelike rank 2 Jordan 
IP nilpotent pseudo-Riemannian manifold of signature {p,p) close to the origin. 

Proof: Since df (0) = 0, the natural identification of TqM with V is an isome- 
try. Thus the metric is non-degenerate and has signature (p,p) sufficiently close 
to the origin. Let Lp and Sp be the associated second fundamental form and 



shape operators at P. Then Lemma 3.1 shows that 9 R = Rs P - Since dfF = 



Lp(df , *) = for any point of the manifold. Thus Sp(df) = so 

span{df} C ker(Sp). 

Since the Hessian of / is non-singular at 0, Sq is invertible on span{3f}. Thus 
dimkcr(S'o) = P and hence by shrinking the neighborhood O if necessary we may 
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suppose that dim ker (Sp) < p for P € O. It now follows that 

ker(Sp) = span{df } for all P eO. 

Since F*{df) = ei, we have g(df , df) = for all i, j and hence ker(5p) is totally 
isotropic and in particular ker(Sp) contains no spacelike or timelike vectors. Since 
dim{kcr(Sp)} = p, kcr(Sp) = kcr(5 , P ) ± = range (S P ) so S 2 P = 0. Thus 9R [ s 
nilpotent. □ 
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